This paper presents a finite element formulation for analyzing interlaminar stress fields in nonlinear viscoelastic laminated composites. The hygrothermal analysis is also included in the formulation and numerical results are compared against experimental data. Excellent agreement is obtained between these results. Using the present formulation, inplane and interlaminar stresses for (45/ − 45) s T300/5208 laminate have been obtained.
INTRODUCTION
When polymeric composites are exposed to elevated temperatuer and moisture environments, mechanical behaviors of polymer matrix composites are significantly affected by ambient conditions. 1−5 Environmental factors such as temperature, moisture content, oxygen, and ultraviolet radiation are significant contributors to material degradation and these effects on composite materials have received a great deal of attention. Nonlinear viscoelastic behavior has been observed in laboratory tests of polymer matrix composites. 6−10 Under elevated load conditions, history dependent effect can also lead to accumulation of residual stresses. It is important to examine the dimensional changes of the laminate and moisture and temperature induced stresses as a function of time.
11
Elastic approaches cannot accurately predict residual stress and strain fields since material properties and strengths of polymeric matrix composite are strongly time-dependent. 12−13 In composite structural design, time-dependent effects of polymer matrix composite materials must be considered in order to ensure the environmental durability over the entire life of composite structures.
The interlaminar stresses near free edges are mainly responsible for delamination failures. Numerous studies 14 
w(y, z, t) = W (y, z, t)
where ǫ 1 (t) is the uniform extensional strain. For this case the resulting strains and stresses are independent of x-coordinate and then the equilibrium equations in the absence of body forces become σ x,x + τ xy,y + τ xz,z = 0
where a comma denotes partial differentiation.
Based on the time-temperature superposition principle, the relaxation curves can be shifted and the master relaxation curves can be obtained at the reference temperature and humidity. At the reference state, the linear viscoelastic relaxation moduli can be represented as
where i, j = 1, 2, . . . , 6, T f and M f are reference temperature and moisture content, Q ∞ ij and ∆Q ij are the equilibrium modulus at constant strain and transient components respectively, and ζ ij are reduced times which are related the shift factors a ij . 28 The relaxation modulus tensor has 9 independent constants for a 3-D orthotropic material. By using a generalized Maxwell model, the relaxation moduli can be represented in terms of the following exponential series
where λ ijω are relaxation times and N T ij is the number of terms used in the series expansion.
Introduction of the abbreviated notation leads to following relaxation moduli Q ij and reduced times ζ ij
The transformed relaxation moduli with respect to the laminate coordinate can be obtained by the coordinate transformation:
where [T ] is the coordinate transformation matrix. Then, by using the abbreviated notation, the above transformedQ ij becomes
where A ij,r are the transformation coefficients.
A general constitutive theory for nonlinear viscoelastic material was developed by Schapery.
7,29,30
from irreversible thermodynamic principles. By using free energy and entropy production, the nonlinear stress relaxation can be expressed in terms of the same time-dependent properties obtained by the linear analysis. In the present study, Schapery's single integral formulation is extented to account for anisotropy and multi-axial stress states. Using the contracted notations, the constitutive relations for non-linear thermo-viscoelastic composite materials with respect to the laminate coordinate can expressed as
In the above, σ i are stresses and ǫ j and ǫ * j are total and hygrothermal strains. Q 
a r may depend on strain, temperature, and moisture contents. When the nonlinear material parameters are set equal to one, Eq.(9) reduces to the Boltzman superposition principle. Material parameters of laminated composites are evaluated by uniaxial test. However, under uniaxial test conditions, an individual ply within the laminate is in multi-axial state. The influence of other stresses on material parameters must be considered. In Refs. 7, 8 and 9, the average matrix octahedral shear stress is introduced in order to account for such multiaxial conditions. Similarly, in this present study, the octahedral shear strain ǫ m Oct is introduced and then nonlinear material parameters can be expressed as functions of single invariant.
where ǫ 
FINITE ELEMENT FORMULATION
Using virtual work and the constitutive integral equations, the finite element equilibrium equations for nonlinear viscoelastic composite laminates can now be formulated. In the absence of body forces, the virtual work principle for element e becomes
δd (e) T tdΓ (e) = 0 (13) where δǫ is the vector of associated virtual strains, σ is the vector of stresses, t is the vector of boundary traction, δd (e) is the vector of virtual displacements,
is volume of body and Γ (e) is the area on which boundary tractions are prescribed.
Eq.
(1) may be approximated as
where
In the above, l is the number of nodes for each element, [Ψ (e) (y, z)] are the isotropic shape functions and {d (e) (t)} is the element nodal displacement vector.
By substituting Eqs. (14) into Eqs. (1), the displacements and their virtual counterparts within an element can be expressed in terms of axial strains and nodal displacements.
{L} = ⌊x 0 0⌋
T Differentiating Eq.(17) with respect to x i results in the following strain-displacement relationship
Similar to stress-strain relationship, the finite element equilibrium equations for nonlinear viscoelastic bodies can also be stated as the hereditary integral equations. Substituting the above Eqs. (18) and (19) into the virtual work principle yields the following finite element equilibrium equations for each element.
where m, n = 1, 2, . . . , 3l + 1. In the above, k
mn is the element stiffness matrix,ū 
can be described as functions of displacement by using strain-displacement relationship. The element stiffness matrix and the element nodal force vectors can be defined as follows
( no summation over repeated r) and
The residual nodal force vector due to hygrothermal loads becomes
whereǭ * j are the transformed free hygrothermal strains.
Using an exponential series for relaxation moduli, the force vector can be rewritten as
B im A ij,r Q t rωβj dy dz Note thatᾱ j andβ j are the transformed coefficients of thermal and hygroscopic expansions with respect to the xyz coordinate system.
The global matrices can be assembled from the element matrices and then the finite element equilibrium equations for global system become
Since the above equation is a hereditary integral, a direct integration of Eq.(27) requires enormous memory storage. To overcome these difficulties, a numerical algorithm similar to that used in Refs 24, 31, and 32 for linear viscoelastic materials is developed here for the solution of Eq. (27) . This method requires storage of only the previous time solution instead of all the solutions throughout the loading time history.
Here we introducê
Then the governing equations can be integrated step by step using a finite difference recurrence relationship for approximate calculations of derivatives of Eqs. (28) . By assumingq nr varies linearly over each time step ∆t j ,q nr and their time derivatives are given bŷ
Also hygrothermal loads vary linearly during each time interval, i.e.
If there is no loading applied at time t < 0 then
Using the finite difference approximation in Eqs. (29) and (30), Eq.(27) can be expressed in a recursive form
Note that Eqs. (32) are recursive and that it is possible to solve iteratively for the displacementsū n at time t p using only the previous solution at time t p−1 . In the present study, a modified Newton-Raphson technique 32 is used to solve the above nonlinear equation.
NUMERICAL RESULTS
A limited number of parametric studies have been constructed in order to illustrate the nonlinear timedependent behavior of laminated composites. Consider the laminate under a plane strain condition in the x direction. The laminate width is 2 cm and the laminate width to thickness ratio is four. T300/5208 graphite/epoxy composites have been used in the present study. Using creep and creep recovery tests, the master compliance curves and the shift factors of S 22 and S 12 corresponding to various loading conditions were obtained by Ref. 9 . In this study, the relaxation moduli were evaluated by Schapery's nonlinear stress-strain relationship and relaxation/relaxation recovery analysis. Time dependent Q 22 and Q 66 are plotted in Fig. 1 . It is assumed that time function for Q 33 is equal to one for Q 22 , and that Q 66 = Q 44 = Q 55 . Q 11 is assumed to be elastic since it is in general controlled by fiber properties. Also time functions for Q 12 , Q 13 and Q 23 are taken the same as that for Q 22 .
Linear viscoelastic interlaminar stresses at t=0 were compared with closed form elastic solutions in Ref. 15 . Comparison studies between viscoelastic finite element solution and the classical lamination solution were also reported in Ref. 24 . In this paper, a comparison study between experimental results and the present numerical solution was conducted. Creep and creep recovery data for T300/5208 graphite/epoxy composites were experimentally cdetermined by Tuttle and Brinson 9 . At a temperatureof 300 F • , σ x = 13.93 MPa ( 2020 psi ) was applied to the 90
• laminates. The loading was held constant for 8 hours and then removed in an instantaneous elastic step. After unloading, the creep recovery was measured for 2 hours.
In the present study, twenty 9-node isoparametric elements were used. The inplane stress, σ x , calculated from the present method were compared with their experimental results. As shown in Figs. 2-4 , excellent agreement between those results was obtained. The discrepancies between these two solutions were within 3 %. Similar errors were also observed in compliancerelaxation modulus conversion process. Nine node isoparametric element was used. The finite element model consists of 14 × 4 meshes (56 elements) in the yz cross-section with a total of 784 degrees of freedom. The step-size ∆t is set to 0.5 min initially and ∆t increases with time. There are 55 time steps involved in the calculation of time-dependent interlaminar stresses over a period of 6.3 days. Three axial strain loading conditions such as ǫ x = 0.001, ǫ x = 0.002, and ǫ x = 0.005 were considered. At isothermal condition (T = 147 F • ), the axial strains were held constant for 5.3 days and then removed in an instantaneous step. The inplane stress σ x which was obtained near the center of laminate was plotted in Fig. 5 . The residual stresses were observed after unloading.
The interlaminar stress distributions along the interface between the 45
• and -45
• layers are shown in Figs. 6-9. Normal interlaminar stresses σ z at t=0 and 7600 mins are depicted in Figs. 6 and 7 respectively. Also transverse shear stresses τ xz at t=0 and 7600 mins are plotted in Figs. 8 and 9 respectively.
As shown in Fig. 10 , the rate of stress relaxation is greater at higher loading conditions. Over a period of 5.3 days, the stresses σ z and τ xz relaxed about 11.6 % at ǫ 1 = 10 −3 while at ǫ 1 = 3 × 10 −3 those stresses decreased 16.2 % and 18.7 % respectively. The results show that increasing the load significantly increases nonlinear behavior. 
